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Abstract 

We use the relative trace formula to obtain exact formulas for central 
values of certain twisted quadratic base change L-functions averaged over 
Hilbert modular forms of a fixed weight and level. We apply these formulas 
to the subconvexity problem for these L-functions. We also establish an 
equidistribution result for the Hecke eigenvalues weighted by these L- 
values. 
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1 Introduction 

1.1 Statement of results 

In this paper we use the relative trace formula, together with period formu- 
las originating in work of Waldspurger [Wal85] , to study central values of L- 
functions associated to Hilbert modular forms. Let F be a totally real number 
field and let Sqo denote the set of archimedean places of F. Given an ideal 9t of 
Of and a tuple of positive integers k = (ky : v G Sqo) wc let JF(91, 2fc) denote 
the set of cuspidal automorphic representations of PGL(2, A^) which are of ex- 
act level 9t and holomorphic of weight 2k. We recall that each tt e 2k) 
may be identified with a normalized holomorphic Hilbert modular newform of 
level 01, weight 2k and trivial nebentypus which is an eigenfunction for all the 
Hecke operators. 

Let Ehea. quadratic extension of F and for each tt e 2k) let -ke denote 
the base change of tt to an automorphic representation of PGL(2, A^). Given a 
unitary character Q. of the idele class group i?^ \A^ of E one may consider the 
completed L- function L(s, -ke ® ^) which satisfies a functional equation relating 
s to 1 — s. We note that if an denotes the induction of O to an automorphic 
representation of GL{2,Af) then, 

L(s, ttb (g) ri) = L{s, TT X an). 

The object of study in this paper is L{l/2,7rE <Xi ^), the central value of this 
L-function. In particular we prove an explicit formula for L(1/2,'!Te'^^) as one 
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averages over tt of a fixed weight and level. As an application of this formula 
we establish subconvexity as tt and fl vary in a certain range and prove an 
equidistribution result for the Hecke eigenvalues of such tt. 

Throughout this paper we make the following assumptions on the data in- 
troduced above. 

• is an imaginary quadratic extension of F, 

• 91 is squarefree, each prime p dividing 01 is inert and unramified in E and 
the number of primes dividing ^ has the same parity as the degree of the 
extension [i^ : Q], and 

• the character CI is trivial when restricted to Ap , unramified at the places 

of E above 91, and at each archimcdcan place il„ has weight my < k^. 

See Section 1.3.1 below for a discussion on the relevance and seriousness of these 
assumptions. 

The results of this paper are all derived from an exact formula for 
4- , L{l,n,Ad) 

obtained via the relative trace formula. Here L{s,TT,Ad) is the adjoint L- 
function of tt and fp denotes a Hecke operator at p j 91. 

When 91 is large with respect to E, c(f2) (the conductor of O) and fp our 
formula simplifies considerably. The simplest version of it is given by, 

Theorem 1.1. Assume that not all fc„ = 1 and 91 has absolute norm larger 
than dE/pci^Y" ■ Then, 

21-01/ 2k-2 \ y L(l/2,.,^n) ^ 3 

where S{Q) denotes the set of places of F above which Vt is ramified and rj is 
the quadratic idele class character of F associated to E. 

For the full formula see Section 6 and for any undefined notation see Section 

2. 

Over Q we can express this formula more classically. We identify ^{N, 2k) 
with the set of normalized modular newforms of level N and weight 2k which 
are Hecke eigenforms. Let E = Q{y/—d) be an imaginary quadratic extension 
of Q of discriminant —d. We take J7 as before and let gn denote the modular 
form of weight 2\m\ + 1, level dc{Q) and nebentypus X-d associated to fi. For 
/ e J^{N, 2k) we take the Rankin-Selberg L-function, L{s, f x g^i) which has 
functional equation relating ,s to 2fc+2|m| + l — ,s. Using the relationship between 
L(l, TT/, Ad), where tt/ denotes the automorphic representation generated by /, 
and the square of the Petersson norm of /, 



(/,/)= / 
Jr 



Iff _L ■ M 2fc dx dy 
\f{x + iy)\y — 2- 

ro(JV)\w y 
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we can rewrite Theorem 1.1 in the following way: Assume fl is not quadratic, 
fc > 1 and N > dc{Q), then 



(2fc - 2y.u^dVd,Ls(n){l,X-d) sT^ %m(fc + |m| + x gn) _ 
27r(47r)2fc-i 2^ (f,f) ~ 

where X-d is the quadratic Dirichlet character of discriminant —d, h-d is the 
class number of E and U-d = #0^/{±l}. See Section 6.3 for further details. 

We note that over Q and with 17 trivial an asymptotic version of Theorem 
1.1 has been known for a while. First by Duke [Duk95] for prime level and 
weight 2 and then by Iwaniec, Luo and Sarnak [ISOOb], [ILSOO] for squarefree 
level and higher weight. An exact formula has been established by Michel and 
Ramakrishnan in the case F ~ Q and is a character of the ideal class group 
of E. Their work uses Gross' formula together with a geometric argument in 
the weight two case, and the theta correspondence in higher weight; sec [MR]. 

By an extension of Theorem 1.1 to include Hcckc operators, wc obtain a 
result that includes a restriction at a prime p f OT. Let tt = (gi^Tr^ G J^(OT, 2fc). 
We let {ap,ap^} denote the Satake parameters of TTp and set ap(7r) = ap + 
Up^. We recall that ap(7r) € [—2, +2] by Ramanujan's conjecture; [Bla06]. 
The distribution of the ap (tt) has been considered by Sarnak [Sar87] and Serre 
[Ser97]. The spherical Plancherel measure on PGL(2, Fp) is given by 



qp + 1 VT ^ 

— 1 1 r, "'■"^ 



on [—2, 2], here qp denotes the order of the residue field at p. Serre has proven 
that when F = Q, 

{ap(7r) -.TT eJ^{m,2k)} 

become equidistributed with respect to /Zp as 91 — » oo. We prove a variant of 
this result where we include a weighting by L^{1/2,'Ke ® 

Theorem 1.2. For any J C [—2, +2] we have 



LP(l/2,7rB(g)f2) 

Op (T)e.7 



' ' Trejr(cn_2A;) V ' ' ' 



We note that in the case that F = Q and is trivial, we recover the main 
result of [RR05]. A similar result has been obtained by Royer [RoyOO] for the 
single L- value 1/(1/2, tt) averaged over modular forms tt of level A'' and weight 
2. 

We remark that one could consider the average by normalizing by |J-"(01, 2fc)| 
rather than |9T|. In order to have a finite limit with this normalization we need 
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to add the technical restriction thatb np|m(-'- ~ j^) 1^1- F = Q this 
condition reduces to ip{N) ~ N where ip is the Euler totient function. Using the 
well known fact that \J^{N,2k)\ ~ ^^^ip{N) as A'' — > oo we get the following 
statement. 

Corollary 1.3. Let F = Q and J C [-2, +2]. Then 
is equal to 

where the limit is taken over squarefree N such that ^{N) ~ N and each prime 
dividing N is inert and unramified in E and does not divide c(f2). 

Finally we apply our work to the problem of subconvexity. Using a version of 

Theorem 1.1 that is also valid for smaller 91, combined with the non- negativity 
of L{l/2, TT X dn), established in [JCOl], and an upper bound for L(l, n, Ad), we 
get the following theorem. 

Theorem 1.4. Fix a totally real number field F and a CM extension E of F. 

Let 91 &e a squarefree ideal in Of such that the number of primes dividing 91 
has the same parity as [F : Q] and such that each prime of F dividing 91 is inert 
and unramified in E. Let Q be a character of ApE^\A^ which is unramified 
above 91 and has weights at the archimedean places strictly less than k. Then 
for any e > 0, 

L/,„(i/2, TT X an) ^F,E,k,e m'+'c{ny + \m\'c{n)i+% 

for allTT eJ^{m,2k). 

Hence for <t < ^ and e > 0, 

L/,„(l/2,^ X an) ^F,E,k,e (c(n)|9l|)5-*, 
for TT e .F(91, 2k) with 91 such that 

2t+e l-(2t + e) 

c(0)l-(2«+e) < < c(f2) l+2t+e . 

This result clearly beats the convexity bound 1/2, ttXcto) "Ce {dE/Qc{0,)N)i~^'^ 
for all e > 0. Similar results have been obtained in [MR], where $7 is a character 
of the ideal class group of E and and E vary. We remark that Michel and 
Harcos ([HM06] and [Mic04]) have proven subconvexity in the level aspect for 
i/iri(l/2,7ri X 7:2) where tti and 7r2 are cusp forms on GL(2)/Q with 1:2 fixed. 
We also mention the work of Cogdell, Piatetski-Shapiro and Sarnak [Cog03] 
which proves subconvexity for the central value of a fixed Hilbert modular form 
twisted by a ray class character. 
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1.2 About the proof 

Before continuing we give some background about the tools used in the proofs 
of the results contained in this paper. 



1.2.1 Waldspurger's result 

An important result of Waldspurger [Wal85] relates L(l/2,7r_E (g) fl) to period 
integrals of automorphic forms over the torus . More precisely let X{n,E) 
be the set of isomorphism classes of quaternion algebras D/F such that E ^ D 
and such that tt comes from an automorphic representation tt^ of via the 
Jacquet-Langlands correspondence. We note that X{-k,E) is finite, since D 
must be isomorphic to the matrix algebra at all places where tt is unramified, 
and non-empty, since M(2, F) € X{-k, E). 

Take D £ X{n. E) and let (p be an element in the space of tt^. Thus, is a 
function on D'' \ D^ [Ap) and we can define period integrals by 



Pd{^) = I ^{t)n-\t) dt, 

^bxa5\a5 



'BXAj\Ag 

with viewed as a subgroup of D^{Af) via the inclusion E ^ D. In [Wal85, 
Proposition 7], |Pd((/3)P is expressed in terms of L{1/2,-ke For suitable 
choices of measure Waldspurger proves that, 

{<p,ip) 2L{l,n,Ad) 

where a„(S„, t/?^, ri„) are local period integrals which are equal to 1 for almost 
allw. Subsequent refinements of Waldspurger's result, [Gro87], [ZhaOl], [Xue06], 
[Pop06], [MW09], have sought to compute these local period integrals so as to 
provide an exact formula relating the L-value and the period integral. Under 
certain additional ramification conditions these results take the form, 

|Pd(<P.)|' -ciE,Tr,il)L{l/2,T:E®n), (1) 



where D is a suitable element of X(7r, E) and (p^r € tt^ is a test vector defined 
by Gross and Prasad [GP91]. The constant C{E, tt, VL) is of the form, 

c{E,-K,n)= ^ T\Cy{E,'K,n) 

where the product is taken over the places u of F which are "bad" for tt or O 
and Cy [E, n, O) consists of certain local L-factors. 



1.2.2 Relative trace formula 

Having fixed the extension E/F let D/F be a quaternion algebra such that 
E ^ D. We set G equal to the group PD^ over F and let T be the torus in G 
such that T{F) is equal to the image of E^ in G{F). 
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Let / e C^{G{Af)). Then we have the map 

Rif) : L^(G(F)\G(A^)) - L\G{F)\G{Af)) 

given by 

[Rimix] = [ fivMxy) dy. 

Jg{Af) 

R{f) is an integral operator with kernel 

Kf{x,y)= ^ /(a;-^7y). 

76G(F) 

When Z) is a division algebra, as a representation of G{Ap), 
L\GiF)\GiAp))= TT 

with the sum taken over the set of irreducible automorphic representations A{G) 
of G{Ap). Since R{f) preserves each of the spaces tt, the kernel has a spectral 
expansion 

Kfix,y)= Yl E W)V')W^, 

where B{tt) denotes an orthonormal basis of the space of tt. 
Let /(/) be the distribution defined by 

/(/)=/ / Kf{ti,t2Mt^%) dh dt2. 

Jt{F)\T(Af) Jt(F)\T{Ap) 

The spectral expansion for Kf{x,y) gives, 

^(/)= E E / {R{f)ip){tl)Q-\ti) dtJ ^(t2)0-i(i2) rfi2. 

From the geometric expansion for the kernel, and after interchanging summation 
and integration, 

^(/) = E vo1(T^(F)\T^(Af)) / fit-'jt2)fl{t^%) dti dt2, 

-yeT(F)\G{F)/T{F) JT-,{Ap)\{T(Ap)xT(Ap)) 

(2) 

where, for 7 e G{F), 

= {{tut2) eTxT: t^^jt2 = 7} • 

We now return to the setting of the previous section. Having fixed DT we let 
D be the quaternion algebra over F which is ramified at the primes dividing 
and all the infinite places of F. Since the extension E/F is inert at all the places 
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of ramification for D there exists an embedding E ^ D. For each tt € 2k) 
we let ifi^ be an element in the space of -k^ as in (1) above. We can choose a 
test function / = /tyi,fe in C^{G{Af)), such that the operator R{f) projects 
L'^{G{F)\G{Af)) onto the span of the set {(p^ e n'^ : n e J^(01,2fc)}. (This 
isn't quite true if all fc^ = 1, in this case the function /•j^^fc may also pick out 
some 1-dimensional representations as well.) Hence for this function, 



\lT{F)\T(Air)'P^(^)^ HO dt? 



Applying the identity (1) for each tt e ^(91, 2fe) we get, 

L(l/2,7rij® O) 



, L(l,'K,Ad) ' 

with C(£', n, fe,^) an explicit constant. Prom the geometric expansion for 

I{.f<Ji,k), (2), wc obtain a closed expression for this average in terms of orbital 
integrals of the function f<yi ^. over double cosets. Furthermore one can show that 
only finitely many T{F) double cosets contribute to the sum. The results of this 
paper then stem from calculations of these geometric terms. When the level 9t 
is large we show that only the identity double coset contributes which gives an 
exact formula for the average (Theorem 6.1), when the character fl is every- 
where unramified we can compute all the necessary orbital integrals (Theorem 
6.5) and when the character f2 ramifies we are able to bound the terms on the 
geometric side of the trace formula which we can use towards the subconvexity 
problem for these i- values (Theorem 6.8). 



1.2.3 The case of modular forms of weight 2 

When F = Q the results of this paper are rephrased classically in Section 6.3. 
Here wc illustrate our methods for modular forms of weight 2 and prime level 
in more classical language. 

We fix an imaginary quadratic extension E = Q(\/'^) and take N to be 
a prime which is inert and unramified in E. We take to be a character of 
Pic{E), the ideal class group of E. Let D be the quaternion algebra over Q 
which is ramified at N and oo. We fix an embedding E ^ D and take R to be 
a maximal order in D such that ROE = Oe- Let X denote the finite set of left 
equivalence classes of right i?-ideals; see [Gro87, Section 1]. Given an ideal a in 
E we may form the right ii-ideal aR in D. In this way we get a well defined map 
t : Pic(i?) X. Let F{X) denote the space of complex valued functions on 
X which can be endowed with a natural inner product and an action of Hecke 
operators. 

The Jacquet-Langlands correspondence, in this case, gives a Hecke-cquivarient 
isomorphism JL : F{X) M2{N) of F{X) with the space of modular forms 
of weight 2 and level N; see [Gro87, Section 5]. We set S{X) = 3L-\S2{N)) 
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where 5*2 (A^) denotes the space of cusp forms of level N and weight 2. The 
orthogonal complement of S{X) in F{X) is the space of constant functions. 

We identify T{N,2) with the set of normalized eigenforms in S2{N). For 
/ G T{N, 2) let /' G F{X) be such that JL(/') = /. Then the period relation 
for the central L- value can be expressed as, 



2 



(/,/) ^ ' ' {f',n 

where ga is the ^-series associated to fl and L{l,f x qq) denotes the central 
value of the Rankin- Selberg L-function of / with qq. Here C{N, E) is an explicit 
constant depending only on iV and E. Thus, 

2^ — ]TT) — = ^(^''^) 2^ Tf^Y^ • 

Since the orthogonal complement of S{X) is spanned by the constant functions 
we see that if B is any orthonormal basis of F{X) then 



yePic{E) 



where 1 denotes the function which is identically 1 on X, and 

Sn- 



1, if is trivial; 
0, otherwise. 

For each a; G X let G F{X) be the function defined by 

r / \ / 1) if y = a;; 
(>x[y) - jo, otherwise. 

Now suppose we take for B the set {5x/||i5x|| : x G X}. Then, 

2 



E 

heB 



E m^)Mx) 

j/ePic(B) 



l/iePic(E)3/2 6Pic(E) 

For yi , 1/2 G Pic(£') clearly, 



= 1^1^ 1^ ^-p "(yi2/2 ) 

xeXj/iGPicCS) y2ePic(_E) " 



E '52;('.(2yi))<52:('.(2/2)) 



1. if = t(j/2); 
0, otherwise. 
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Let ay denote an ideal of E which has in the class of y G Pic(i?). Then : 
^(2/2) if and only if there exists 7, well defined in E^\D^ /E^ , such that ^yay^R ■ 
ay^R. For each 7 e E''\D''/E'' let, 



Hence, 



^(7) = {(yi,2/2) e Pic(^) X Pic(£;) : jUy.R = ay,R} . 



E 

heB 



J2 h{i{x)Mx) 

xePic(B) 



E 

jeEx\D^/Ex 



E 



(!/l,!/2)eS(7) 



^{yiy2 ^) 
ll^t(J/l)lp ' 



and so we deduce that 

E 



L{l,f ^ gn) 
if J) 



+ C{N,E)6i,n 



(1,1) 



equals 



C{N,E)\ ^ J2 



This is precisely the same identity, albeit without the adelic language, obtained 
via the relative trace formula. Furthermore it is clear that if l : Pic(ii^) X is 
injective then £'(7) is empty unless 7 is the identity coset in E^\D^ / E^ . The 
fact that i is injective for N sufficiently large then implies the stability result 
(Theorem 6.1) for the sum of the L- values which we obtain via the relative trace 
formula. For the application to subconvexity (Theorem 6.8) we need to provide 
bounds on the terms appearing in the geometric expansion. These we obtain 
from local calculations of the orbital integrals. 

A similar situation has been studied in this setting by Michel and Venkatesh 
[MV07, Section 3]. In their work the form / is fixed and O is allowed to vary 
over all characters of Pic(£^). By averaging the period formula one obtains. 



E 



nePic{E) 



L{hfx gn) 
if J) 



C{N,E) 

yGPic(E) 



\f'i^iy))\' 
(/',/') 



Analogously to the case considered here, when the discriminant of E is large 
relative to the level of / this formula can be made exact; see [MV07, Remark 
3.1]. 



1.3 About the paper 
1.3.1 Summary of conditions 

Throughout this paper we enforce certain conditions on the level 91 and weights 
2fe of our Hilbert modular forms as well as on the extension E and the character 
fl. We now describe these conditions. 



10 



The ideal 91 of F is assumed to be squarefrce and such that each prime 
divisor of 01 is inert and unramified in E. This is, for the most part, a technical 
assumption so that we avoid the problem of having to deal with oldforms. This 
condition can most likely be removed with some extra work. We also assume 
that the number of prime divisors of 01 has the same parity as [-F : Q] , this is 
a necessary condition as it ensures that the sign of the functional equation of 
L{s,TTE ® fl) is +1. 

We place certain restrictions on the character f2 as well. We assume that 
fl is unramified above 91. This assumption is needed in the work of Gross 
and Prasad [GP91] which provides the test vector (p,^ which appears in (1). 
We also assume, at the archimedean places, that the weights of Q are strictly 
smaller than the weights k of the Hilbert modular forms. This ensures that 
the quaternion algebra D which appears in (1) is ramified at the archimedean 
places of F. Without this assumption the function f<3i^k would not be compactly 
supported and one would not obtain a finite closed formula for the average L- 
values. In this case it is likely that one could work out an asymptotic version 
of the formulas in this paper. This would require some additional archimedean 
calculations similar to [RR05, Section 2]. 

Finally it would also be interesting to consider the case of Maass forms. It 
would seem that again with some additional archimedean calculations this could 
be carried out. 

1.3.2 Outline of the paper 

This paper is set up as follows. We begin by introducing our notation and 
defining our measures. In the following section we pick our test functions and 
compute their spc!ctral expansion in the relative trace formula. In the fourth 
section we explicitly compute the geometric side of the relative trace formula 
for these test functions. While, a priori, there are an infinite number of orbital 
integrals that appear in the geometric expansion, we show that for our test 
functions only a finite number of terms are nonzero. This is what allows us to 
get an exact, rather than asymptotic, formula. 

In the fifth section we compute a distribution on the Hecke algebra which 
appears in the geometric expansion of the relative trace formula. In the last 
section we combine the spectral and geometric calculations to get our main 
formulas. We also establish our application to subconvexity and rewrite our 
formulae over Q in classical language. 

The original motivation for our work came from trying to understand [RR05] , 
which applies the relative trace formula of [Jae86] to average values of base 
change L-functions. We found that by integrating over nonsplit rather than 
split tori, and applying [MW09], we obtain more general and exact results. 
Furthermore, by working on quaternion algebras we avoid having to deal with 
contributions from oldforms. 
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Let F be a totally real number field of discriminant Ap and class number hp- 

For a finite place v of F, zuy denotes a uniformizing parameter in Fy and g„ 
denotes the cardinality of the residue class field at v. The ring of integers in Fy 
is denoted by Op^, the units by Up^ and for n > we set Up^ = 1 + w^Op^. 
For an ideal a of Of, we denote by |a| the absolute norm of a. We denote by 
Soo the set of infinite places of F. We take 01 to be a squarefree ideal in Op 
such that the number of primes dividing 9t has the same parity as [F : Q] . For 
each place v E E^o wc fix an integer ky > 1. We denote by JF(91, 2fc) the set 
of cuspidal automorphic representations of PGL(2, Aj?) of level OT and weight 

We now take a CM extension E/F such that each prime of F dividing 01 
is inert and unramified in E. We let Dp/p be the difi'erent of E/F, Oe/f be 
the discriminant of E/F and dp/p = \dp/p\. We denote by r] the quadratic 
character of F^\Ap associated to E/F by class field theory and by N the 
norm map from E to F. For a place i> of F we denote hy Ey = E ^p Fy, hy 
Op^ the integral closure of Of„ in Ey and by Up^ = O^^ . We denote the action 
of the non-trivial element in Gal(i?/_F) on a G Ey by a. 

We take a unitary character Q : E^\A^ ^ such that f^l^x is trivial. 
We assume that O is unramified above 01 and that at each place v G Sooi 
has the form 



with \my\ strictly less than ky. We set m = {my). At each finite place v of F 
wc denote by n{Q,y) the smallest non-negative integer such that is trivial on 

{Op + Wy^^'^^'^Op)''. We denote by c(l^) the norm of the conductor oi Q. m F 
and by c(0) the absolute norm of c(0). We note that c(f2) = nj,<oo 9^"^^"^- 
We use 5(0) to denote the set of places of F above which Q. is ramified. 



2 Notation 
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We define 

\k + m-l) ~ J J-^ \ky +my-l)' 

Having fixed 9t, we let D be tlie quaternion algebra defined over F which 
is ramified precisely at the infinite places of F and the places dividing 91. We 
fix an embedding E ^ D. We let Z denote the center of D and denote by G 
the group Z\D^ viewed as an algebraic group defined over F. We denote by 
Nu : ^ F^ the reduced norm. At each finite place u of F we fix a maximal 
order Ry in such that RyDEy = Op^ + vOv'^^^^Oe^ ■ We note that Ry is well 
defined up to Ey conjugacy. 

All L-functions are completed. 



2.1 Normalization of measures 

We fix an additive character ijj of F\Ap which, for the sake of convenience, we 
take to be V = V'o ° tri^/q where V'o denotes the standard character on Q\Aq. 
For a place v of F wc take the additive Haar measure dx on Fy which is self-dual 
with respect to tpy. On Fy we take the measure 

d^a; = L(l,lfJl^. 

\X\y 

We define measures on Ey and Ey similarly with respect to the additive char- 
acter ipotvE/F- We note that with these choices of measures we have 



n vol(C/f„,d><x,) = |Af|-i 



v<oo 

and similarly for E. We also have 

vo\{F^\E^) = vol(RX\C><) = 2 

for V € Eoo- 

For the group D we recall that there exists an e e F^ , well defined in 
F^ /NE^, such that D is isomorphic to 



■.a,l3eE}. 



a e(3 
(3 a 

For a place u of F we take the Tamagawa measure dgy on which is given by 

day dpy 



dgy = L(l,lFj|e| 



- ePyPy\ 

V 



Wc note that this measure only depends on the choice of e modulo NE^ . Fur- 
thermore with this definition 

vol(i?; ) = L(2, lj.J -1 wo\{Uf, ,d'^Xyf 
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for non-archimcdcan w { 91 since the isomorphism of with GL(2,F^,) pre- 
serves Tamagawa measures. We have 

yol{R^ ) = -^^^'^^"^ ' vol(f/F„ , rf^ a;^)* 

for ti I 01 by a straightforward calculation. We also note that 

vol(G(F^)) = 47r2 

for V G Soc. 

Globally we take the product of these local measures and give discrete sub- 
groups the counting measures. In this way we get 

vol(A^i;x\A^) = 2L(l,r?) 

and 

vo\{G{F)\G{Af)) = 2. 



3 Spectral side of the trace formula 

Having fixed the quaternion algebra D we have taken G to be the algebraic 
group defined over F with G{F) = / F^ . Since D is anisotropic the quotient 
G{F)\G{Af) is compact and hence, as a representation of G{Ap), 

L\G[F)\G[A,))='^^,^^^^V... 

Here the sum is taken over the irreducible automorphic representations A{G) 
of G{Ap) and for each tt' G A{G)^ V^^' denotes the space of vr'. The Jacquet- 
Langlands correspondence [JL70] yields an injection JL : A{G) ^ ^(PGL(2)), 
where ^(PGL(2)) denotes the set of automorphic representations of PGL(2, Ap). 
The set A{G) can be decomposed as, 

AiG) = Acusp{G)UAres{G), 

where 

Acusp{G) = {tt' e A{G) : JL(7r') is cuspidal} 

and 

AresiG) = {SoND:d:F'<\A^^{±l}}. 

The compatibility between the local and global Jacquet-Langlands corre- 
spondence yields the following. 

Fact 3.1. The image of Acusp{G) under JL is equal to the set of cuspidal au- 
tomorphic representations tt = (SvT^v of PGL(2, Ap) such that ir^ is a discrete 
series representation o/PGL(2, Fy) at all places v where D ramifies. In partic- 
ular J^{^, 2k) is contained in the image o/ JL and for tt' = (S)j,7r^ € AcuspiG) 
we have JL(7r') e 2k) if and only if, 
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1. for w I 7r(, ^ o Nd^ where 5y : — > is an unramified character 

(necessarily of order at most 2), 

2. for V e Sex,, K - Sym^''''~^V (g) det^"''", where V denotes the irre- 
ducible 2- dimensional representation of D^{Fy) coming from the isomor- 
phism (Fy) ^ GL(2, C), and 

3. for all other v, tt'^ is unramified. 

We set J^'{% 2k) = {tt' e : JL(7r') e J^{% 2k)}. 

Let / e C^{G{Ap}), integrating / against the action of G{Ap) gives a 
linear map 

Rif) : L'{G{F)\GiAp)) ^ L'iG{F)\G{AF)) 

defined by 

{R{f)^){x) = I f{9)^{xg) dg. 

Jg{Af) 

From the spectral decomposition of L'^{G{F)\G{Af)) one sees that R{f) is an 
integral operator with kernel, 

Kf{x,y)= E W)v)WRy), 

where for each tt' G A{G), B{'k') denotes an orthonormal basis of 14'. 

Having fixed the embedding E ^ D we get an injection ^ D^{Af). 
We define a distribution 

I{f)= [ I Kf{tiM)^{tlh2) dtidt2. 

The spectral expansion for the kernel Kf{x,y) gives, 

^(/)= E E / {R{f)v){t^)Q-\t^) dtj ^{t2)n-^{t2) dt2. 

For each tt' € A(G) we define 

i^'if)^ E / {R{f)^){ti)n-\ti) dtJ ^{t2)n-^{t2) dt2. 

We set 

Icuspif)= E ^-'(/) 

and 

Iresif) = E ^-'(/) 

7r'£^re6(G) 
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so that /(/) = Icuspif) + Iresif)- In the same we also write 



Kf{x,y)=Kf 

,cusp 



Our goal in this section is to choose a suitable test function / e C^{G{Ap)) 
such that R{f) kills all tt' e Acusp{G) such that JL(7r') ^ J^{%2k). We will 
then compute /(/) and use a precise version of Waldspurger's formula [MW09, 
Theorem 4.1] to relate Icuspif) to the i- values being considered in this paper. 

3.1 The test function 

We fix a finite prime p | of F. We will consider test functions 



defined as follows. 

At a finite place v ^ p we take fv = the characteristic function of Z^R^ . 
At u = p we allow fp to be any element in the Hcckc algebra Ti{G{Fp)^ ZpR^). 

Let V G Soo- We fix an isomorphism {F^) = GL(2,C) which gives 
an irreducible 2-dimensional representation V of D'^'{F,,). We set it2i^^ = 
Sym^*^""^ V(8)det~'°"^^, which descends to a well defined representation of G{Fy) 
corresponding, via the local Jacquet-Langlands correspondence, to the weight 
2kv discrete series on PGL(2,R). Wc note that dim7r2j, = 2fc„ — 1. Let ( , ) 
be a G{Fy) invariant inner product of tTj^^. As is well known, since |m^| < ky 
the subspace of ttjj,^ , 

i^v) = {we TT^fe^ : TT^fc,, {t)w = n^{t)w for all t€E^} 
is 1-dimensional. We fix a unit vector e ^^.^(riu) and define/^ G C^{G{Fy)) 



fvig) = (7r^fc^(g)w„,w„). 

Given fp G H{G{Fp), ZpRp) we denote by /p the function on unramified 
representations TTp defined by 



3.2 Local preliminaries 

Before continuing onto the calculation of /(/) for / as in Section 3.1 we record 
some local preliminaries. For an irreducible admissible representation a of G{Fy ) 
acting on the space and /„ e C^{G{Fy)) we let, 



f = llfv€CT{GiAp)) 



V 



by 




We also view /p as a function on [—2, 2] in the usual way. 




We record the following basic results for use later. 
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Lemma 3.2. Let v he a finite place of F not dividing 91 and let f^ € {G{Fy)) 
be as in Section 3.1. Let a he an irreducihle unitarizahle representation ofG{Fy). 
Then a{fy) kills the orthogonal complement of cr^" in V„ and for w € a^^ , 

a{f,)w = Y0\{Z,\Z,R^)f^{a)w. 

Furthermore ct^" has dimension at most one. 

Proof For v f DT, G{F^) ^ PGL(2, F^) and this result is well known. □ 

Lemma 3.3. Let v he a finite place of F dividing 91 and let fy G C^{G{Fy )) he 
as in Section 3.1. Let a he an irreducihle unitarizahle representation of G{Fy). 
Then (j{fv) kills the orthogonal complement of a^^ in and for w G ct^" , 

a{fy)w = yol{Zy\ZyR^)w. 

Furthermore if ct^" ^ then a = So Nd„ for an unramified character 5 of F^ . 

Proof. The first part of the lemma is clear. It remains to prove the last state- 
ment. In this case we use the exact sequence, 

1 ^ ^ ^ F^/Uf. > 1 . 

Prom which it follows that if cr^" ^ then a = 5 o Nd^ for a character 6 of 

Lemma 3.4. Let v be an infinite place of F and let fy G C^{G{Fy)) be as in 
Section 3.1. Let a be an irreducihle unitarizahle representation of G{Fy). Then 
(^{fv) kills the space of a unless a = ttj/^;^. Furthermore for a = the map 
''^■ikyifv) tf^^ orthogonal complement o/7r2^.^(0^) and for w G 'J^'2ky{^v), 

, vo\{G{Fy)) 

'^2kAfv)w = _^ W. 

Proof. Since /„ is a matrix coefficient of TTjj^.^ it follows that cr{fy) kills the space 
of a unless a = j.^ . On the other hand if ^ w G 1^21.^ (O^) then 



fv{9) = 7 ^ • 

{w, w) 

Since 'n'2ky{^v) is spanned by w it follows that '7^2ky{fv) kills the orthogonal 
complement of 7r2^^(^l^) in ^'21-^. Finally, 

{AkSfv)w,w) = / fv{9){-K2kS9)'^M '^9 

Jg(f,) {w,w) 

= —r. {w,w). 

The last part of the Lemma now follows. □ 
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As a temporary expedient we set, 

x{m,k)=l[.oi{z^R^z^) n "-^^^^ 

= I IT 

3.3 Global calculations 

Having chosen / e C^{G{Af)) in Section 3.1 we now set about computing 

Hf) = Icuspif) + Iresif). 

We begin with the calculation of Iresif) which, as we shall see, is often zero. 
We define X'^'^{F) to be the set of unramified characters x ■ P^\-^p ^ {il}- 

Lemma 3.5. For f G C^{G{Ap)) as in Section 3.1, Kf^res{x,y) = unless 
2ky = 2 for all v G Soo, in which case 



= vol(C(iAC(A.)) E^/(^^(-^"))/^(^^ °^^)- 



Proof. We recall that 

AresiG) = {SoNn:S:F''\A^^{±l}}. 
We fix a character 5 : F^\Ap {±1}- By definition we have 

{R{f)i5 o ND))ix) = [ f{g)S{NDixg)) dg 

= TT / fv{gv) Sv {Nd„ {xgv)) dgv ■ 
\^ Jg{f„) 

We now set about computing the local integrals. Suppose first that is a non- 
archimedean place. If w ^ p then fy is the characteristic function of Z^R^ . 
Hence, 

/ fv{gv)Sv{NDAxgv)) dgy = dyiNo^x)) 5y{NDS9v)) dgy. 

Since the norm map Nd^ ■ Ry — » Up^ is surjective, 

/ A r/V C - / ^' if ^„ is ramified; 

Jz,\z,Ri ~ I Sv{Nd, (x)) Yol{Zy\ZyR^), if 6y is unramified. 
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li V = p, then 

/ fp{9p)Sp{ND, (xgp)) dgp = S^iNo, (x)) [ fp{gp)Sp{ND, (ffp)) dg^ 

JG{F^) JG{Ff) 

= S,{Nn,{x))TT(S,oNnM)- 

Clearly, since /p is bi--Rp -invariant we have Tr((5p o ND^){fp) = unless 6p is 
unramified, in which case 

/ /p (<?p )(5p {Nd, {xg, ))dg,= S, {No, (x) ) vol(Zp \R; )/p {5, o Nn,). 
Jg(f^) 

Finally, let v be an archimedean place of F. In this case we have i^^ = R 
and, under this isomorphism, Nd^{D^) = R+. Hence since 5y is quadratic 
Sv{NdA9v)) = 1 for all g, G . Thus for v e Soo, 

/ fv{9v)5v{NDAx9v)) dgy = I {tt'^^ {g)wy,Wy) dg^, 

by definition of /„. Clearly this integral is zero unless tTj^^ is the trivial repre- 
sentation which is the case if and only if 2ky = 2. Thus for v G Sqc, 



L 



GiK) '^^^ = I vd(G(F„)), !f It I 2. 

Putting these local calculations together shows that {R{f){S o Nj:))){x) is 
zero unless 6 is everywhere unramified and fc„ = 1 for all v G Soo in which case 

{R{f){6oND)){x)=6{ND{x))f,{S^oND,)l[yol{Z,\Z,R:^) [] vol(G(F„)). 

V<00 ueSoo 

Finally to finish the proof it remains to observe that 



Kf,res{x,y) = ^ 



iRif){5oNnmx){SoND){y) 



^ vol(G(F)\G(A^)) 



We can now compute Ires{f)- 
Lemma 3.6. For f e C^{G{Af)) as in Section 3.1, 

vol(A^i?x\A^)2 



□ 



Ires{f)=C{k,n,U)\{m,k) 



yo\{G{F)\G{AF)y 



where C{k,ft,fp) = unless ky = 1 for all v G Eqo and O is of the form 
fl = S o Ne/f for an everywhere unramified character 5 of F^\Ap of order at 
most 2. In this latter case we have 



c{k,n,f,) 



/p((5p o Nd) + /p(77p(5p o Nd), if E/F is unramified everywhere; 
fpiSpoNo), otherwise. 
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Proof. By definition 

Jex A^\A^ iEXAj\A| 

From Lemma 3.5 we see that Ires{f) = unless ky = 1 for all v G Stx,, in which 
case, 

2 



to Ne/f-E'' -^F"". Hence 



A(9l,fc) 
TOGO 

Considering as a subgroup of we note that N£,\e>^ '■ — > is equal 

vol(£;xA^\A^)2, ifO = Jo7VE/^; 



/ 5{ND{t))n{t-^) dt 



otherwise. 



Finally it suffices to note that if fl = S o N^/f with S G X""(F) then the only 
other quadratic character x such that = x ° -^b/f is X = ^J?, and since S is 
assumed to be unramified, Sr] £ X^" (F) if and only if r] is unramified. □ 

We now set about computing 

Icusp{f)= Yl ^-'(/)- 

It is clear from the results of Section 3.2 and Fact 3.1 that if tt' S Acusp{G) then 
R{f) is zero on the space of tt' unless tt' G 2fc). Hence, 

Lemma 3.7. For f € C^{G{Af)) as in Section 3.1, 

Icusp{f)= E ^-'(/)- 
7r'e.F'(<n,2fc) 

It remains to compute I-^'if ) for tt' G 2fc). 
Lemma 3.8. For f e C^{G{Af)) as in Section 3.1 and tt' e J^'{%2k), 

T , Ml/2,7TE®n)L{2,lF)Ls(n){l,V?V\^\ jT,. -pr r(2fc,) 

w/iere tt = JL(7r'). 

Proof. Let tt' G .F'(01, 2fc) and let y^r' denote the space of tt'. Let W,r' denote 
the space of w G 14-' such that, 

1. -K'{k)w = w for all k e nv<oo > ^'^'^ 
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2. Tr'{t)w = Q{t)w for all t G , v G 



By the results of Section 3.2 W^' is one dimensional. We fix a non-zero element 
ip^, g W^/. By our choice of / it again follows from the results of Section 3.2 
that R{f) kills the orthogonal complement of yj^/ in w' and 



Hence, 



We can now apply [MW09, Theorem 4.1] which gives, for tt' G J^'{^,2k), an 
equality between 



and 



L(l/2,7rg O O) L{2, lF)Ls^a){l,vf^/\K^\ yr yr 



r(2fc^) 



+ my)T{ky - ruy) ' 



where S{n) is the set of places of F above which fl is ramified and L{s, tt, Ad) 
is the adjoint L-function of tt. For the ease of the reader we note that for 
TT = JL(7r') e Ti%2k) we have, in the notation of [MW09, Theorem 4.1], 
S"(7r) — 0; at the places v G Ram(7r), ey{E/F) = 1; and for v € Eoo, Cy{E, tt, Vl) 
is equal to the quotient of gamma functions appearing above. The L{2, Ip) term 
appears in the formula here, and not in [MW09, Theorem 4.1], due to a difference 



in the choice of measures on G{Kf). 
We recall that 



□ 



and 

and that we defined 

A(at, k) = 



yo\{G{F)\G{Af)) = 2, 
vol(A^£;x\A^)=2L(l,r?), 

I n 

\AF\'^L(2,lF)t\i^^-^yti 



Att 



2ky 1 



Now by combining our calculation of Ires{.f) from Lemma 3.6 with our calcula- 
tion of Icuspif) from Lemmas 3.7 and 3.8 we obtain the following. 



Proposition 3.9. For f as in Section 3.1, I{f) is equal to the sum of 
i,9rn)(l,ry)2 4[^':Q] ^ 2k- 2 \ ^ i(l/2, tt^ ® Q) 



2\AF\'^/c{n)dE/F 1^1 



k+m-lj ^ L{\,TT,Ad) 



/p(7rp), 
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|Ar|'I(2,lrt,^i*'-l„ii.2t„-l 

where C{k,fl,fp) is defined in Lemma 3.6. 

4 Geometric side of the trace formula 

Recall that 

I{f)= [ [ Kf{tut2Mtih2) dti dt2. 

A quick calculation shows that the following matrices arc a set of representatives 
for the double cosets E''\D'' /E"": 

{(;?).(;o)}^{aT)— 

The first two cosets are referred to as irregular cosets and the remaining cosets 
are called regular cosets. 

By the geometric expansion of the relative trace formula [JCOl, Section 1 
(8)], 

i{f)= E mJ) + yo\{A-pE-\A-^)[i{oj) + 6{n')i{^,f)] 

ieeNEx 

where for an idele class character x, S{x) = 1 if X = 1 and 6{x) = otherwise. 
For ^ = exx, 

/(C,/) := / / / (t, (I t2) ^I{t,t2)dtidt2, 

Ja^\a%Ja^\a% V 1/ / 

/(0,/):= / f{t)mdt, 

and 

We remark that these integrals factor as a product of local ones, which we 
denote with similar notation. We note that the geometric expansion in [JCOl] 
has 5{Vi^) next to l{0,f) rather than /(oo,/). This is because Kf{ti,t2) is 
integrated against Q{tit2)~^ rather than against 0,{t^^t2). 

In this section we compute the period integrals /(g, /) for / chosen as in 
Section 3.1. First we make the necessary local calculations in Sections 4.1 and 
4.2 and then we bring together the local calculations to write down the geometric 
side of the global relative trace formula in Section 4.3. We note that the choice 
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of local function fy is intrinsic to G{Fy), as is the parameterization of the 
double cosets. Hence for simplicity we can fix the following identifications for 
the remainder of this section. 
For V ^ Soo, 



= Wy if I or, 



and for v G Stx,, 



a —B\ 1 ^ \ f a 



For V that splits in E, let E„ = Fy ® Fy. For -y ^ Soo- let r,, be such that 
Oe^ = Of„[tv] and t„ is a uniformizer in Ey if Ey/Fy is ramified. If w is inert 
in E, let u7e^ = Wy. li v ramifies, let vje^ = Ty. If v splits let we^ G C_b„ be 
such that v{N{we^)) = 1- For a valuation v of F that is not split in E, let Ve 
be the corresponding valuation on E. Let 

This is a maximal order in Dy such that Ry H Ey = Of„ + zuy^^"^ O e^ ■ 

For the rest of this section we will drop the v from our notation and let 
n = when it is clear that we are working locally. 

4.1 Irregulair cosets 

First we compute the orbital integrals associated to the irregular cosets. 
Lemma 4.1. Let v divide ^. Then 

/(O, fy) = voI{f: (1 + <("")OsJ) X . 

Proof. We have 

= voi(^;><\i^j<(i + <("-)Oi,j)x. 



□ 



Lemma 4.2. Lei divide 9t. T/ien 

/(oo,/,) = 0. 
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Proof. 
Clearly 

because Z^R^ only contains matrices, g, where f(det g) is even. □ 

Before we compute the irregular orbital integrals for finite v away from ^1, 
we need the following technical lemma. 

Lemma 4.3. Let v be a finite prime not dividing 9^. Let ex — Qa ~1~ baTy and 
P = a/} + bffTy. Then F^R^aR^ = F^R^PR^ if and only if 

v{N{a))-2 min{^;(aa), v(n7-"("")6a)} = v{N{P))-2 min{i;(a/3), «(ro-"("")6/3)}. 



Proof. For the proof we can take D = M(2, F) and embed E as 

We set R = M(2, Op), then we have Rr\E = OF + w'^Oe- We recall that 
GL(2,F) = y F><i?^ f'^"' ^ i?^ 

m>0 ^ ^ 

and 

if and only if 

m = t;(detfif) — 2m.m{v{a),v{b),v{c),v{d)}. 

Thus we see that 

a = a + bTeF''R'' (^"' i^^ 

if and only if 

m = w(A^(a)) - 2 min{t;(a), ^(w-"^)}. 



□ 



For fy e H{G{Fy), ZyR^) we have 

= vol(Fj<\i^,x(0^^ ><)/(/.), 
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where 

For finite v away from K q ) ^ ' ^^'^ lience 



J(oo,/^) = / fv(a( 



e„ 

1 



/„ (a) fly{a)d^a 



fly{a)d^a 



= /(o,/.). 

In tiie following three lemmas, we compute I{fv) for v inert, ramified and split 
in E. 

Lemma 4.4. Let v be a finite prime not dividing 9t, which is inert in E. For 



Hfv) 



/^(l) when n(n„) = 

— fy{l + r^nj"'^"^""^) when n(f2„) > 0. 



Proof. Recall that n = n{fly). We note that a set of representatives for {Of+ 
w''OeY\E'' is given by 

{1 + 6r : 6 e Of/Pf} U {a + r : a e Pf/Pf} • 
Applying Lemma 4.3 we see that 

n 

The lemma follows by the observation that 

( 0, if < fc < n - 1; 
^ 9.{l + hT)^l -1, iffc = n-l; 
6e(P^/P?.)x I 1> iffc = n, 

and that 

a{a + r) = 0. 

oCPf/Pf 

□ 

Lemma 4.5. Leiw be afiniteprime which is ramifiedinE. For fy G Ti.{G{Fy), ZyR^), 
f(^f •) _ //''(I) + ^v{Tv)fv{Tv) when n{VLy) = 
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Proof. We note that a set of representatives for {Of+vj^Oe)^\E^ is given 
by 

{1 + 6t : 6 e Of/Pf} U {aw + r : a e Of/Pf) ■ 
Applying Lemma 4.3 we see that 

n 

i{f) = Y,f{l + TVj'') ^(l + &T) + /(w + r) ^^(«^ + ^)- 

fc=o be(p|/p?.)x aeOp/Vp 

The lemma follows by the observation that 

( 0, if < < n - 1; 
Y Vl{l + hT) = l -1, ifA: = n-l; 
be(p|./ps.)x [ 1, iffc = n. 

And that 

0(t), ifn==0; 



aeOjr/pJ, 



0, if n > 0. 



□ 



Lemma 4.6. Let v be a finite prime which is split in E . Let fv & 'H{G{Fy),R^ 
When n{^v) =0 we have 

and when n{flv) > we have 

Proof. In this case we take R = M(2,Of) and embed E as 



(a, 6) 

By Lemma 4.3 we have 



a 137 "(a — 6) 
6 



if and only if m = v{ab) — 2 min{ti(a), v{w~"(a — b))}. We recall 

i{f) = E /(")^(") 

aeFX(eiir+ro"(")0£;)x\£'x 

= Y !)• 
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Thus we see that if n = then 

oo 

HI) = /(I) + E ("(^"' 1) + ^(^"'"' !)• 

m=l 

On the other hand if n > 0, then only a G Up contribute to the sum, thus 
/(/)= E ^iaA)f{a,l) 

= /(l,l)-/(l+In"-\l). 

□ 

We now compute the irregular orbital integrals at the archimedean places. 
Lemma 4.7. Let S Soo- Then I (0, /„) = vol{F^\E^). 
Proof. We have 



:V0l(f,X\i?„X). 



Lemma 4.8. Let v S Sqo- W^en a 7^ we /laue 



□ 



fc^ — |m„| — 1 , , , V 

1_ ^ (-ir(^^ + --l)(^---l)(/3;3r(«a^-- 



{aa + m 
w/ien rriv = we have 

and when my j^O we have 



f4 fi-. 



Proof. Let tt be the discrete series representation of PGL(2, R) of weight 2k. 
Recall that is the character of given by 
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where m is an integer with \m\ < k. We have 



= /)eGL(2,C)|. 



Viewing (R) C GL(2, C) gives an irreducible 2-dimcnsional representation 
V of D^(R). We take tt' to be the representation of G(R) which corresponds 
to TT via the Jacquet-Langlands correspondence. Thus 

7r' = Sym2'=-V®det-('=-i). 

We realize tt' on the space of homogeneous polynomials in x and y of degree 
2k — 2, with g acting by 

7r'(fif) : a; I— > ax + Py, y — /3x + ay. 

We set, for < i < 2fc - 2, 

Vi = x'y'''-'-\ 

so that 



al ' \a 



Hence we have 

^0 a 
We have, for g e G(R), 



( n ^ ) ^m+fe-l = f^(a)'i'm+fc-i- 



\Vm+k-l,Vm+k-l) 

We compute that 



/ 



a -/3' 
/3 a 



fe— |m| — 1 / , , . 



(aa + , 

and the lemma now follows. □ 

From the definition of I{oo, /„) we have. 
Corollary 4.9. For v G Eoo, 

M - / vol(F,x\i?-)(-l)'="-i, zfm, = 0; 
^{oo,jy) - jo, otherwise. 
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4.2 Reguleir cosets 

Recall that 

By a change of variables this equals 



(1 XZ€ \ 

I{x, El) := {z e El : 3a € E^ such that a^^z & Ry} ■ 

In this section we compute fv) under certain simplifying assumptions, and 
provide a bound on |7(^, /„)! in all cases. 

4.2.1 Exact calculations 

We begin by calculating 7(^, /„) when v divides 0^. 
Lemma 4.10. Let v divide 9t. Then 

fo ifv{0<0 
I vol(F,x\£;„x)2 ^f^^^^ > i_ 



Proof. It is easy to sec that 07^2 S F^R^ exactly when v{x) > 0. Hence v{^) 
must be greater than or equal to one. □ 

We now establish a vanishing result for /(^, fy) for finite v away from 

Lemma 4.11. Let v be a finite prime not dividing OT. Suppose that fy is the 
characteristic function of the double coset F^R^jR^ for ^ G Ry. Ifv{l — > 
t;(t)B/Fc(0)det(7)), then I{^,fy) = 0. 

Proof. Clearly ajxz G F^ R^ if and only if there exists a A G F^ such that 
^a'jxz G R^jR^ . If this matrix lies in R^jR^ , then i>(A^aa(l — ^)) = w(det(7)) 
and Xa € ^y_^)^„ 0g. Thus the orbital integral is zero unless v{l — ^) < 
v{DE/Fc{n) det(7)). □ 

In the next two lemmas we compute /(^, ly) when 0„ is unramified. 

Lemma 4.12. Let v be a finite prime not dividing 01, not split in E and such 
that n{fly) = 0. Ifv ramifies in E, assume that the characteristic of the residue 
field of Fy is odd. Then J(^,lt,) equals 



Yo\{F^\F:UE^)^o\{F:\E:)ny{wiy'')^{ 



lfv{l-0>v{^E/F) 

1 ifv{l-0<^ 

i ifv{l-O=v{i)E/F)>0- 
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Proof. We look at our orbital integral, 

Jfx\ex Je'^ 

By the definition of , a'fxz lies in i^^ J?^ if and only if there is a A e .F^ such 
that 

1. v{X'^aa) = -v{l - 

2. Aa e jjhf^Os 

3. Xa{l + zx) e Oe- 

If <v{dE/F), then 

^{zeEi:l+xzero^7^ Oe} JFX\FX-a7~ ^ Ue 

= volf z e : l + xz e tu^; " Oe j vol(F^\i^^[/£;)r2(n7^ ^ ). 

The lemma now easily follows if v(\ — ^) < 0. 

It now remains to calculate vol({0 ^ : + xz) > 1}) when v ramifies 
in E and 11(1 — C) = v{dE/F)- In this case we can take r = i/ro. Since the 
volume only depends on xx we can assume that x € U}^. Hence we can write 
X = Xi + X2\/^ with Xi e Up and X2 € Cf- We write z = aa~^ with 
a = ai + a2^Jw. Then 

1 + = a^"'" (a + xct) 

= oT^ (a\ — a2Vm + {xi + X2\f^)(pL\ + a2V^)) 

= q;~^ (q;i(1 + + a2X2TJ7 + {a\X2 + 02(2:1 - \y)\pw) . 

Hence we have ve()-^xz) > 1 if and only if VEioL) is odd, from which we deduce 
that 

vol({0 e E^ ■ ve{\ + xz) > 1}) = 1 vol(i;^). 

□ 

Lemma 4.13. Let v be a finite prime which is split in E and such that n{Clv) = 
0. Then 

fO if v{l-O>0 

I{^,lv) = (vol(f/Ej)' X <^ {viO + 1) ^fv{l-0 = 

Wv{^, 1) Et^O^^' ^vi^'J, 1) ifv{i - < 0. 
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Proof. Let x = {xi,X2) and k = v{l — We look at our orbital integral, 

A matrix in the integrand of this integral lies in F^ii^ if and only if there is 
A e -F^ such that 

1. viX^aa) = -v{l - 

2. Xa e Oe 

3. \a{l + zx) e Oe- 

It is easy to see from these conditions that if v{l — ^) <0, 

-k ~ -k-l+v(x2) . 

7(C,1)=V/ n{a)d^a V / dX6. 

If fc = 0, 

1(^,1) = {v{0 + i)yo\{UFf. 

If A; < 0, then v{xiX2) = k and 

— k 

7(^,1) =^n(tn'=+2',l) vol ([/^f. 

i=0 



Finally, we compute the regular orbital integral for v archimedean. 
Lemma 4.14. For v G Ti^c O'^d ^ & with ^ <0 we have 



Proof. By definition of fy we have 



Applying Lemma 4.8 gives the result. 



31 



4.2.2 Bounds on 7(^,1„) 

Wc now bound the regular orbital integral in the remaining cases. For a place 

of i^, we fix x G such that ^ = CyXX. 

Lemma 4.15. Let v be a finite prime. Then 

< vol (Fj<\(l + <(^«')OBjxFj<)vol(7(x,i;,i)) . 
Proof. By definition, 

Jl(x,E^) Jf^\E^ 

For each fixed z G I{x,E^) we know that there exists an a^z & such that 
G R^. By a change of variables with a^z, 

|/(^,1)| < I I l(a)rf^ad^^. 

Jl{x,E^) Jfx\E^ 

The lemma now follows by the fact that RnE = Op + zu^-Oe- □ 

Corollary 4.16. Let v be a finite prime not dividing ^ which is not split in E. 
Then 

\m'^v)\ 

<vol {f^^MI + w^^'^-^Oe^F,^) vol e El : ve{1+xz) > ^^^illlilj^ . 

Proof. If ajxz <S then there must be a A e .F^ such that w(A^aa) = 

-v{l - and Aa(l + zx) € Op + w'^Oe- Thus 

I{x, E^)<Z^z&E^ ■.ve{1 + xz)> . 

□ 

Lemma 4.17. Let v be a finite prime which is split in E. 
If vil-0 <0, then 

m,lv)\ < (K0I + 1)vo1(7'J<\(1 + <(^'')ObJxF,x)vo1([/p.J. 

//w(c(0)) > -0 > 0, then 

< I ^o\(^F^^\{l + w'i^''^'>OEj''F^^yo\(^E^nx-\l+z^^-^OEj) , tfv{l-0 *s even; 
I 0, if v{l — ^) is odd. 
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Proof. Let a = {ai,a2),x = {xi,X2),z = {b,b ^) and k = v{l — We take 
T = (1,0). We look at our orbital integral, 

7(^,1)=/" f ''l''))s}{a)d''ad''z. 



azx a 



It is easy to see that a-y^z G li and only if the following conditions are 

satisfied: 

1. 02 e -^Of 

2. ai e (-as + Of) n zu-''-<''^^Uf 

3. a2(l+a;26-^) e Of 

4. ai(l + a;i6) e 02(1 + X2b-'^) + w'^Op. 

For the intersection in condition (2) to be nonempty, we must have either ^'(02) = 

v{ai) = ^ or — fc > v{a2) > and v{ai) = —k — v{a2). 

Thus if fc > 0, then we must have ^(02) = v{ai) = ^ and hence, 

Iix,E^) C E^n -(I + w'^OfJ. 

X 

If A; < 0, then —k > v{a2) > and v{ai) = —k — v{a2)- In this case we must 
have v{a2X2h~^) > and v{a\Xih) > 0. Thus w(a2a;2) > v{h) > —v{a\Xi). Thus 

-fe 1 + V{X2) 

vol {I{x, E^)) <J2 E ^ol(t^F) = i\v{0\ + 1) vo1([/f). 

/— m— — i?(a:i ) 

For the last equality we are using the fact that if A; < 0, then k = v{xiX2)- 
We complete the proof by applying Lemma 4.15. □ 

We now bound the volume term that appears in the results above. 

Lemma 4.18. Assume that v is unramified in E. Then, 



Yol{Elnx-\l+w^OEj) < < 



vol(i?^ n f/F„)(l + |u(xa;)|), if k = and v split; 

vol{E^), if k = and v not split; 

vol{El)q~'^{l + g~^)~\ if k > and v inert; 

Yol{El n UEjq~''{l - 9-^)-\ ifk>Oandv split. 



If V is ramified in E there exists a constant C{Ey,Fy) such that, 
vo\{El n x-\l + w'^OeJ) < C{E,, F,)q-^ 

for all k>0. 
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Proof. First we assume that fc = 0. We note that when E/F is not spUt we 
have 

0, otherwise. 



Next we assume E/F is split. We write E = F (B F and x = {xi,X2)- Then we 
have 

x'^Oe = {(ai,a2) : v{ai) > -v{xi),v{a2) > -v{x2)} ■ 
Let (2/1,2/2) € E^. Then we have v{yiy2) = and hence y G impUes that 

-v{xi) < v{yi) < v{x2). 
Hence the intersection is empty if v{xx) > 0, and if v{xx) < then 
vo\{E^ n x-^Oe) = (1 + Hxx)\) Yo\{E'^ n Ue). 

Wc now assume fc > 0. If we assume that E^ n x~^{l + w'^Oe) 7^ then we 
clearly have 

vol(£:^ n x-^il + tu^Oe)) = ^o\{E^ n (1 + w^Oe)). 
So we need to compute the order of 

(E^ n Ue)/E^ n (1 + w'^Oe) ^{E^ n Ue){1 + w''Oe)/{1 + vj'^Oe). 
Now we have 

{E^ n UE)il + vj^Oe) = {xeUE: N{x) e N{1 + w^Oe)] ■ 
Hence we are looking to compute the size of the kernel of the map 

N : Ue/(1 + zu'^Oe) Uf/N{1 + tu^Oe)- 
When E/F is unramified quadratic this map is surjective and we have 
i^UE/{l + VJ^OE)=q^\l-q-^) 

and 

#Uf/N{1 + w'^Oe) = #C/f/(1 + w'^Of) = q\l - q'') 

and hence the kernel has order q''(l + q~^). Next we assume that E = F (B F, 
then the norm map is surjective and its kernel has order q'^{l — q~^). 

Finally we assume that E/F is ramified. We write the discriminant as 
^E/F = P*"*"^- From [Ser62, CoroUaire 1, pg 93] we deduce that when t is even 
and fc > |, 

A^(l + vu''Oe) = 1 + zu''+iOF, 
and when t is odd fc > |, 

A^(l + w'^Oe) = 1 + w'^+^Of. 

Since #[/£;/(! + 'cu'^Oe) = q^''{l - q~^) we see that when fc > f , the order of 
the kernel of TV : Us/il+ru'^OE) ^ Uf/N{1 + uj''Oe) is at least g*^"^. Thus 
there exists some constant C'{E) such that for all fc > the order of this kernel 
is at least C'{E)q^. □ 
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The following lemma is a direct consequence of Corollary 4.16 and Lemmas 
4.17 and 4.18, and the fact that 

vol(Fj< \FJ< (1 + >< ) = vol(t/p^At^£j9r^''"^i(l, 

Lemma 4.19. Assume n{il,y) > 0, and let k = , There exists a constant 

C{Ey, Fy) that is equal to one for all v unramified in E and such that 

{qy'^L{l,riy) when k > 
1 when k < and v is not split 

1 + I'I'fCOI when k < and v is split. 

4.3 Global calculations 

We recall that 

m= E ^(C,/)+vol(A^£x\A^)[7(0,/) + 5(OV(oo,/)]. 

^eeNEx 

We now apply the local calculations of the previous sections to this global dis- 
tribution. We denote by 

Ireg{f)= E ^(^'/)' 

and 

lirregif) = VOl(A^£;>^ \A^) [/ (0, /) + ^(O^)/ (oo, /)] . 

Thus 

^irregif)' (»^) 

We begin by computing lirregif)- 

Proposition 4.20. For f as defined in Section 3.1, 

^c{n)^\^E\ \ yti^ ) 

where = ifm^Op and 5{Of) = 1. 

Proof. By Lemmas 4.1, 4.2, 4.4, 4.5, 4.6 and 4.7, and Corollary 4.9, 
vol(A^i;>< \A^) [7 (0, /) + 5(^2)7 (oo, /)] 

is equal to 

2i(l,/7)/(/p) n vol(F„x\i^,x(l+<(^")O^Jx) n vo1(F;\7;X)(i + J(J72)5(^)(_1)'=-i). 
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Recall that for v e Sqo, 

vol{F^\E^) = vol(R^\C^) = 2, 
and for v finite we have 



vol{UF^\UEjqv'"^^''^L{l,ri^), if v e 5(0). 



The proposition now follows. □ 

We now consider the regular terms in the trace formula. For each v € Sqo 
we let Ly denote the corresponding embedding F R. We note that ^ e eNE^ 
if and only if 

1. iy{^) < for all V e Soo, 

2. v{^) is odd for all v | 0^, and 

3. r]y{£,) = 1 for all finite v \ m. 
We define 

Xp = {7 e i?p : ^ R} ■ 

For /p e n{G{fp),R^) we define 

n(/p) = max{up(det7) : 7 e Xp,/p(7) ^ 0} 

and set a(/p) =p"(/i'). 

We denote by 5(0, m, fp) the set of ^ e eNE'' such that 

1. u(0 > 1 for all V I 91, and 

2. (l-C)-iG (c(O)0i,/f3(/p))-i. 
Lemma 4.21. VFe ftaue 

«eS(Q,9T,/p) 

Furthermore, the set S{VL,^, fp) is finite, and empty when \^\ > dB/p'(c(0)p(/p)|)''* 

Proof. The fact that Iregif) is supported on 5(0,OT, /p) follows from Lem- 
mas 4.10 and 4.11. Suppose now that £, e 5(0, 91, /p). We fix ^ a; e 
c(0)£)B/j.a(/p), then 

(l-^)-^a; = me Of 

and hence 

^ m — X 
m 
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We now take v G and consider Ly : F ^ H, then since iv{^) < it follows 
that 

\ty{m - x)\ < \ty{x)\. 
The finiteness of 5(0, 0^, /p) now follows from the finiteness of 

{y eOp •■ \iv{y)\ < K{x)\ for all v eT,^ and x e c{fl)DE/F'3{fp)} ■ 

We note that since v{^) > 1 for all w | 9t we also require m — a; e 9t. Hence 
5(0, OT, fp) is empty whenever 

{ye Op: K{y)\ < \i'v{x)\ for aU veY,^ andxG c{Q)VE/F'^ifp)} = {0}> 

which is clearly the case when > di;/ir|c(0)J(/p)|'*^. □ 

Corollary 4.22. For 01 sufficiently large, e.g. for with absolute norm at 
least (Ie/f (c(0)|J(/p)|)'*^, we have 

We note that under certain simplifying assumptions we can explicitly com- 
pute the regular terms in the geometric side of the trace formula. 
We define, for integers k and m with |m| < k, polynomials 

A;— |m| — 1 , . , . 

For an ideal o C Op we define 

RE{a) = {bcOE: NE/F{b) = a} . 
For non-zero ideals a, b € Of we define 

a{a, b) = #{cc0F:c|o + b}. 

When Q is unramified we regard its finite part as a character on the group 

of fractional ideals of F. 

Proposition 4.23. Assume that fl is unramified, fp = Ip and E/F is unram- 
ified at the even places of F. Let d G Op be a generator oftiE/F- Then we have 
I{f) equal to the sum of 

and 

with the outer sum taken over the finite set ofnG^ such that 
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1. r/„ (l + ^) = 1 for all v \ Ve/f, o-f^d 

2. iv{n) lies between —Ly{d) and for all v G Soo- 

Proof. Let £, G eNE^ and let ii be a finite place of F. When v splits in E we 
have, with the notation of Lemma 4.13, 

• ^;(l-e)>0=^/(e,/.) = 0, 

• v{l-O = 0^ lit /„) = (1 + viO) yoliUpy, 

When t; I 91 is inert and unramified in E we have r2„ trivial and, by Lemma 
4.12, 

. «(i-e)>o=M(c,/.) = o, 

• v{l - C) odd and < ^ /(^, /,,,) = 0, 

• v{l - even and < =^ !{£,, /„) = yo\{UfAUeS- 
When u I 9t we have VLy trivial and, by Lemma 4.10, 

• KO<o^/(^,/.) = o, 

• ^^(0 > 1 =^ fv) = yoliUpAUEj^. 

When V is odd and ramified in E we have trivial and, by Lemma 4.12, 

. Z;(l - ^) = 1 =^ /(e, /,) = Y0\iUFAUEjM^Ej-\ 

And at V G Sqq we have, by Lemnici 4.14, 

/(^,/.) = yol{F,^\E^fPm^,kMO)- 
As in the proof of Lemma 4.21 we note that if /(^, /) ^ then we have 

n + d 

with n G Vt. Furthermore such an element lies in eNE^ if and only if 

• RE{n^~^) and RE{{n + d)) are non-empty, 

• r?„ (l + ^) = 1 for ah v \ X)e/f, and 

• Lv{n) lies between Lv{0) and —iv{d) for all v G Soo- 
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Suppose now we fix such an n. We have 

V 

and we now determine the contribution to this product from each place v de- 
pending on its behavior in the extension E. 

For a finite place u of F and an ideal a C Of we define 

ReM = {b C Oe„ : NE^/F^b = aOpJ. 
The contribution from the places | is, 

H vol(C/ir„ \Ue^ f\RE^ (nO^-') I , 

and furthermore for such v we have RE^{{n + d)) = {Oe^}- For finite u f 0^ 
which are inert in E we get 

H voliUFAUEj^lREAinmREAin + d))]. 

For finite v which split in E wc get 

n yol{UEAUEj'\REA{n))\ E 

v<OD, split oG-Rb^ ((n+d)) 

since for such v when — ^) = we have v{£,) = v{n) and v{n + d) = 0, and 
when v{l — ^) < we have v{n) = and \v{^) \ = v{n + d). For v ramified in E 
the contribution to /(^, /) is 

cj{T)E/F,{n + d)) n yo\{UF^\UES\REA{n))\ ^-(^'e^f'^)' 

"IHe/f aei?,E,, ((n+d)) 

since for such v, Jl^ is trivial and v{l — ^) = v(X)e/f) " v{n + d). Finally for 
ti e Soo we have I{^,fv) = 4Pfc„,m,(t^;(n/(n + d))). 

Putting these local calculations together gives the sum in the statement of 
the Proposition and combining it with the calculation of the irregular terms 
from Proposition 4.20 gives the result. □ 

5 A measure on the Hecke algebra 

The goal of this section is to find the measure /i such that for /p e 7i(Gp , ZpRp), 

Hfp) = £jp{x)f^, 

where /(/p) is defined in Section 4.1. We begin by recaUing standard facts 
about distributions on Hecke algebras which come from the Plancherel formula; 
alternatively see [Ser97, Section 2] . 
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5.1 An application of the Plancherel formula 

Wc assume throughout this subsection that _F is a non-archimcdean local field 
of characteristic zero. We let q denote the order of the residue field of F. We 
let G' = PGL(2, F) and K = PGL(2, Op). We fix a Haar measure on G' which 
gives K volume one. For n > we denote by /„ the characteristic function of 



For s € iR let TTg denote the unramified principal series representation of G' 
unitarily induced from 



For / e n{G', K) and x e [-2, +2] we define 

/>)=Tr7r.(/), 

where x = q'^ + g"*. We have (see [RR05, Lemma 9]) /o = 1 and for n > 0, 






+ (1 _ + + . . . + g-("-2)«)j . (4) 



On the interval [—2, +2] we take the Sato-Tate measure 



Moo — 



27r 



dx 



and the spherical Plancherel measure on PGL(2, F) 



g+1 



7 +q - 



X- 



By the Plancherel formula we have, 



Lemma 5.1. For all f G HiG' , K) we have 




and 




for m > 0. 



In particular we note the following corollary. 
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Corollary 5.2. We have 

f-2 



and 



We define for 5 e C a distribution 



« c v. ^ / 



nez 

on -fC). Then we have the following. 

Lemma 5.3. For f e H{G',K) and 5 with \5\ = 1, 

Ks{f) = r fix) , — 



Proof. This follows by a short calculation using Lemma 5.1, Formula 4 and that, 

Alternatively, one can argue as in [RR05, Section 6] in the case S = 1. □ 
5.2 The distribution / 

For a, p G C we let p{a,f3) denote the unramified representation of GL(2, Fp) 
with Satake parameters {a,^}. For x G [—2, +2] we define a^^ € C to be such 
that ax + = x; of course is not well defined, however, all constructions 
below will depend only on x, and not on the choice of a^- We then define 



y^4 — x'^ 

l^p,E,n = L{l/2,p{ax,a~ )e^ fip) — ^ — dx, 

where p{ax,o.x^)Ef denotes the base change of p{ax,a^^) to GL(2,i?p). We 
note that, 

L{l/2, p{ax,a~^)Ef (S) f^p) = 1, when Op is ramified and, 
L(l/2,p(a^,a-i)B, ^Op) = 

(1 -arfi(z^Bj«p"' +0(WB,)V')"'(1 - n(^9p"' + n(^9p"')"'' ^^v p split, 
{{l + qp^f -x^q^'^)-'^, for p inert, 

, (1 - x^{xuEj,)qp^ + qp^)~^-, for p ramified. 
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when Ctp is unramified, where we^ is defined in Section 4. We note that 



2 



-2 



L{1, r]p), if O is unramified at p; 



''P^^'^"! 1, otherwise 



We note for future reference the relationship between fip,E,Q and the spherical 
Plancherel measure Hp on PGL(2, Fp) is given by 

L(l/2,p(a^,a-i)g^ ^Op) 

L{l,p{a^,ax ),Ad) 

We recall I{fp) is defined in Section 4.1. 

Lemma 5.4. For aZ/ fp e H{G{Fp), ZpRp) we have 

^^^"^ - L{l,rjp) ' 
if fl is unramified at p and we have 

if f2 is ramified at p . 

Proof. We fix an isomorphism Dp M(2, Fp) and an embedding Fp ^ M{2, Fp) 
such that M(2,C)FjnF = 0F+ti7p*^^''Oijp as in the proof of Lemma 4.3. We 
now prove the lemma on a case by case basis. 

First we assume that n{Qp) > 0. Then we have, by Lemmas 4.4, 4.5, 4.6 
and Corollary 5.2, 

Hfp) = fp (J J) - fp J) = J[ /p(^)/^oo. 

On the other hand in this case we clearly have /ip,_B,o = /ioo- 

Next we assume that p is unramified and inert in F and f2 is unramified at 
p. Then from Lemmas 4.4 and 5.1 we have 

Hfp) = / /p(2^)M9p = / fp{x)P'P,E,n- 
J -1 J -2 

Next we assume that p splits in F and Vl is unramified above p. We write 
J7p = {XiX~^)- Then from Lemmas 4.6 and 5.3 we have 

Hfp) = E X«)/P {^J ?) = fjp{x)t^p,E,n. 

Finally we assume that p is ramified in F and is unramified at p. Then 
from Lemma 4.5 and Corollary 5.2 we have 

^2 



/(/p) = /(j f)+^(^)f{l' J) =/^/p(^W,o. 



□ 
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6 Main results 



We now combine the calculations of Sections 3 and 4 to obtain the main results 
of this paper. 

6.1 Average L- values 

By Propositions 3.9, 4.20 and Lemma 4.21 we see that we have an exact formula 
for 

4- , L(l,7r,^d) 

in terms of orbital integrals. We now write down the formula precisely under 
certain further assumptions for which we have computed all the necessary orbital 
integrals. 

Combining Proposition 3.9, Corollary 4.22 and Lemma 5.4 we get the fol- 
lowing. 

Theorem 6.1. Let E be a CM extension of a totally real number field F. Let 

^ G Op be an ideal such that each prime dividing 91 is unramified and inert 
in E and that the number of primes dividing 91 has the same parity as [F : Q]. 
Let SI : ApE^\A^ — > be a character which is unramified outside of ^ 
and such that for v G Sqo the weight niy of fly is strictly less than ky. Let 
fp e H(G(Fp),Zpi?p^). Then for |9t| > d^^/f (c(0)|a(/p)|)^-, 

2}^f 2k- 2 \ ^ L(l/2,7rg0r!) ^ 
lOai U+m-li ^ L(l,Tr,Ad) 

is equal to 

4|A^|iL«(")^^''>(l,r?)|^l + <5(172)<5(m) J] {'^f^-'^ j\{^)l^P,E,a 



4C{k, n, /p)L^(") (1, r,r V^'<^^) -TT -±- TT 



where 0^(/p) is defined before Lemma 4-21; C{k,Sl,fp) is defined in Lemma 3.6 
and the measure /ip,£,Q is defined in Section 5.2. 

We note in particular that when /p is the identity in 'H{G{Fp), ZpRp) the 
second term in the theorem above is equal to 



4|Af|iL^(^)(l,77) l + ^(f]2)j(0T) [] (-i; 



We recall that by the Ramanujan conjecture ap(7r) e [—2,2] for all tt G 
.F(01, 2fc); see [Bla06] for the most general version. The distribution of the 
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ap(7r) has been considered by Sarnak [Sar87] and Serre [Ser97]. In [Ser97] it is 
proven, when F = Q, that as ^ ^ oo the set 

{ap(7r) : tt G J^{%2k)} 

becomes equidistributed with respect to the measure 



— 1 1 7, "'^ 

■ - ,2 iTT 



(9p + 9p ' )^ - a;- 
on [-2,2]. That is, for all J C [-2,2], 

^ ' Ti-ejf (?n,2fc) 

Op (•"■)£ J 

We note that /ip comes from the spherical Plancherel measure on PGL(2,Fp). 

Using Theorem 6.1 we obtain a variant of this equidistribution result where 
we include a weighting by Vi^j^^'KE®^)- 

Corollary 6.2. Let J C [-2, +2]. Then we have 

1 ^ LP(l/2,7ri5(^l]) 

1™ W\ 



equal to 



Here the limit is taken over squarefree ideals 0^ prime to c(n) and such that 

each prime dividing 01 is inert and unramified in E and the number of primes 
dividing 91 has the same parity as [F : Q]. 

Proof. This result follows by an application of [Ser97, Proposition 2] to Theorem 
6.1. □ 

We note when O is trivial and F = Q, we recover the main result of [RR05]. 
Prom this result we conclude the following. 

Corollary 6.3. There are holomorphic cusp forms tt on PGL(2)/i^ of square- 
free level and fixed weight such thata^{'K) lies arbitrarily close to ±2 andL{l/2, -ke® 

It is worth remarking that one could consider the average by normalizing by 
|.F(01. 2fc) I rather than |91| . In order to have a finite limit with this normalization 
we need to add the technical restriction that |D1| ripimC^" Jpf ) ^ 1^1- ^'^^ F = Q 
this condition reduces to i^{N) ~ N where </? is the Euler totient function. Using 
the well known fact that \ J^{N, 2k)\ ~ ^^(^(A/') as A/' ^ oo we get the following 
statement. 
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Corollary 6.4. Let F = Q and J C [-2, +2]. Then 

1 LP{i/2,TTE®n) 



is equal to 



where the limit is taken over squarefree N such that ipiN) ~ N and each prime 

dividing N is inert and unramified in E and does not divide c(f2) . 

In principal, one could use the formulas developed in this paper to study the 
average computed by summing over the space of cusp forms and normalizing by 
the dimension of this space. Averaging in this way may remove the condition 
that ip{N) ~ N. 

Finally, when Q. is unramified we have the following exact formula for all 
levels by combining Propositions 3.9 and 4.23. 

Theorem 6.5. Let E he a CM extension of a totally real nurnher fi,eld F. Let 
^ C Of be an ideal such that each prime dividing 9t is unramified and inert in 
E and such that the number of primes dividing ^ has the same parity as [F : Q]. 
Let Q. : ApE^\A^ ^ be a character which is everywhere unramified and 
such that for v e Sqo th^ weight ruy of Qy is strictly less than ky. Assume 
furthermore that E/F is unramified at the even places of F. Let d G Op be a 
generator of^E/F- Then, with C{k,Q, Ip) defined as in Lemma 3.6,x 

1 / 2fe-2 \ L{l/2,-KE®^) 

^c{n)dE/Fm\^F\' \k+m-l) ^^^^^^^ L{l,^,Ad) 

^L{l,nf_ 

is equal to the sum of 



and 



2^ E ( \RE{n^-')\cT{dE/F, {n + d)) ^(®B/Ffl) X n ^'^--^ (' 

with the outer sum taken over the finite set ofnG^ such that 

1. T?„ (l + ^) = 1 for all V I Oe/f, and 

2. Lv{n) lies between —iv{d) and for all v G Sqo. 
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6.2 Subconvexity 

Wc now apply our calculations of the relative trace formula to the problem of 
subconvexity. 

Let TTi and -K2 be cuspidal automorphic representations of GL(2,Ajr). The 
convexity bound for L/j„(l/2,7ri x 772) is that for e > 0, 

L/i„(l/2,7ri X 772) C(7ri x 772)'+', 

where C{'Ki x 7:2) ~ C^iTi(^i x 7''2)C'oo(7''i x "'2) is the analytic conductor of 
7ri X 7r2; see [ISOOa, Section 2. A]. C/i„(7ri x 772) is the conductor of tti x 772 
and CooCtti x 7r2) depends only on the infinity types of 7ri and 7:2] we refer to 
[ISOOa, Section 2. A] for the precise definition. Wc note that when ni and 7r2 
have disjoint ramification C/i„(7ri x 772) = (C/i„(7ri)C/m(7r2))^. 

The problem of beating the convex boimd, with 7r2 fixed, has been the study 
of many authors. When F ^ Q and tti and 7r2 have trivial central character the 
convexity bound was beaten by Kowalski, Michel, and VandcrKam [KMV02], 
with the central character condition being relaxed by Michel and Harcos [Mic04] , 
[HM06]. In the case that Q is trivial, so that the L-function factors as L(s, tte) = 
L{s,tt)L{s,'it (E) 77), the convexity bound was beaten by Duke, Friedlander and 
Iwaniec [DFI94] in the level aspect over Q with n fixed and 77 varying. For 
number fields other than Q the first subconvcx result was obtained by Cogdell, 
Piatetski-Shapiro and Sarnak [Cog03] in the case of a fixed Hilbert modular form 
twisted by a ray class character. Further extensions of these subconvexity results 
to cusp forms on arbitrary number fields have been obtained by Venkatesh 
[Ven05]. 

We now continue with the usual assumptions on 77 e .F(01, 2k) and f2 as in 
Section 2. We denote by uo the induction of Q to an automorphic representation 
of GL(2,Air). Hence, 

L(s, 77^(8)1])= L{s, TT X an). 

We have Cfin{TT) = |01| and, by the formula for the conductor of an induced 
representation (see for example [Sch02, Section 1.2]), C/i„(a-n) = dE/Fc{^)- 
Thus, Cfin{iT X an) = (|9t|d^;/irc(f2))^, and the convexity bound in the level 
aspect is given by 

L/i„(i/2,7r X an) <fc,e (|o^|c^B/^c(^^))H^ 

We now proceed to apply our work to the problem of beating convexity for 
these L-functions. By combining our calculations of the relative trace formula, 
together with the bounds on the orbital integral integrals from Section 4.2.2, 
we will get an estimate for _L/i„(l/2,7r x (jjj) (Theorem 6.8 below) which beats 
the convexity bound as tt and Q. vary in a hybrid range. 

The relative trace formula provides an expression for the first moment of 
L(l/2, TT X (To) averaged over tt G JF(91, 2k). The size of this family is approxi- 
mately ID'll while the conductor of the L-function is {\'yi\dE / F^i^))"^ , this allows 
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us to obtain estimates which beat convexity when is of size around \J c(f7). 
We note that over Q, Michel [Mic04] and Harcos-Michel [HM06] in their work 
on subconvexity for Z/(s,7ri x 772) average over the family of modular forms of 
level [C/,;,i (tti). C/i„,(7r2)] and bound the second moment of the L-function. By 
shortening the family we are able to get away with an estimate for only the first 
moment. 

Recall that 17 is a imitary character on the idclc class group of E that is 
trivial when restricted to A^, unramified above 01 and has weight |m„| strictly 
less than fc„ for every infinite place v of F. We let 5(0) = {pi, p2, Pm} denote 
the places of F above which is ramified, c($l) the norm of the conductor of 
O in and c(0) the absolute norm of c(0). Let m = 15(0)1, c(0) = HIl 1 Pi"' 
and A/'F/Qpi = qi- 

In the remainder of this section we fix F and allow and to vary. We 
recall that D ramifies precisely at the infinite places of F and the places dividing 
9t. Therefore as 9t varies, D varies and hence the image oiE'm.D depends on 
9t. However F as a field extension of F does not depend on 91. For the bounds 
we prove in this section, the <Ce notation refers to constants that only depend 
on as a field, such at ^J\Ke\i and thus have no hidden dependence on 9t. 

Wc begin with a necessary technical lemma which we will require in the 
bounding of the geometric expansion of /(/). For a & F and integers ri,ti > 
for 1 < i < m let 

^{r,),(ti){a) = {y e 01 : wp,(y) = ri,Vp^{y-a) = U, \iy{y)\ < \iv{a)\,i = 1, ...,m,v G 
Lemma 6.6. ^(rj (a) is empty unless for each i = 1, ...,m, 

1. Ti < fpj(a) and ti — or 

2. ri > Vp- (a) and ti ~ Vp. (a) or 

3. ri = Vp^ (a) and ti > Vp. (a) . 
In addition, 

where c{F) is a constant that only depends on F. 

Proof. It is clear that S(^ri),{ti){o-) is empty unless conditions 1, 2 or 3 hold for 
each i. We now proceed to prove the bound following the ideas of the proof in 
[Lan94, §V.l, Theorem 0]. 

Since S(^ri),{ti){o) is finite there exists an integer n such that 

" < \^(ri),(u){a)\ <n + l. 

Pick a Wo € Soo- Identify Fy^ with the real line. By the condition |ii,o(2/)| < 
|(,„o(a)|, 5'(r.),(ti)(a) is contained in the interval centered at the origin of length 
2 1 two (a) I . By the Pigeon Hole Principle if we divide this interval into n equal 
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subintcrvals there must be at least two distinct elements x,y Q S(^ri),{ti){0') such 
that X and y are in the same subinterval. Thus 

K(.-,)|<^. 

For all t; S Soo with v not equal to vq, 

Kix - y)\ < 2\Ly{a)\. 

We also know that 

\x - y\p, < q^' 

and 

\x - y\pi = \{x -a)-{y- a)|p, < gr**. 

Thus 
For v\% 

\x-y\v < i^yiiv 

Thus 

i = nb- I < 2[^-Qi|iv^/Q(«)i 

Hence 

2[^^Ql+^|iVp/Q(a)| 



\S(r ) ft "I (a) I < n + 1 < 2n < r ^ i r ^ i 

I (.t.n n— — — i max{ri,ti} max{r„,tm}N 



□ 



We now proceed to bound the regular terms in the trace formula. By Lemma 
4.21 

Ireg{f)= ^ ^(^' /) 

where S{n,m, Ip) is the set of ^ e eA''^;^ such that v{^) > 1 for all v\m and 
(1-0"^ e (c(0)OE/ir)-^. The set 5(fi,9t,lp) is approximately of size ''^"ffi^^ . 
However in the following Lemma wc can take advantage of the bounds on the 
local orbital integrals given in Lemma 4.19, which improve as c{fl) increases, to 
get a good bound on Ireg{f)- 

Lemma 6.7. Assume that F, E and k are fixed and fp = Ip. Then for all 
e > 0, 

c{ciy 



\Ireg{f)\ '^F,E,k,e 



m 
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Proof. Let 2li, 2l;ip be a fixed set of representatives of the ideal classes of F. 
Then for any ideal 3 of Op there exists an i such that 2tj3 is principal. Let 
a e -F be such that 

aOp = %c{n)X)E/F 

for some i. Then 



Np/Qia) 



c{n)dE/F 

For ^ e ^(fi,?!, Ip) we have, 

y 



< c(i^) = max{|2ti| : 1 < i < /if}. (5) 



y-a 



for some ?/ G 91 such that < |'-t)(a)| for all v G Sqo- Hence we can partition 

these y into the sets 5(r.)^(t.)(a). Thus 

m 

ri>0r2>0 rm>0ti>0t2>0 tm>Oj/eS(^.),(t.)(a) i=l 

(6) 

First we consider the integrals I{^y, /^(^)). For an ideal o C Op we define 

ii|(^)(a) = {b c Ob : A^£;„/F„ (&Oi5„) = oOf^ for v ^ 5(0) and pv]biovvG 5(0)}. 

By the proof of Proposition 4.23 we see that 

|/(^„/^("))l<C(i?)|4("^(yOa-i)||4(^)((y-a))||J(€,/s^)|, (7) 

where C{E) is a constant depending only on E. Furthermore, from Lemma 
4.14, it is clear that 

my,hJ\<C{k), (8) 

where C{k) is a constant depending only on k. 

Let ao{x) denote the number of divisors of x. For any ideal a e Of, 

\R§''\a)\ < ao(ArF/Q(a))[^^Ql «, |iVF/Q(a)r. (9) 

For any y e %.),(fi)(a), < kt;(a)| and |i^(y-a)| < |t«(a)| for all w e Soo. 

Thus |A^F/q(y)| = Uveiioo ^ I^^/qWI and similarly {Np/Qiy - a)\ < 
\NF/Qia)\. 

By (7), (8) and (9), 

my,f^''^)\<^F,E,k,e\Np/c:i{a)\^. (10) 
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Combining (6) and (10) we have, 



\IreM «F,i5,M liV^/qar 12 - mm - E ni^(^^'/p.)l- 

ri>0r2>0 i-,„>0ti>0t2>0 tm>0 i/eS(r.),(t .) (a) i=l 

(11) 

To bound \I{^y,fpi)\ we first note that 
Thus by Lemma 4.19, for y e 5'(r.)^(t;) (a). 



IAC„/pJI<<^ 



C(£;,,i^„)(7-"'i(l,77„)\ ^ 0<n<wp,(a) 
C(£;,,f^„)(Zp'i(l,77„)(l+t,~r,) ri = i;p^(a) (12) 

C{E^,Fy)q:["''L{l,riy){l + ri-Vp^{a)) >Wpi(a) 



where C{Ey, Fy) is the constant in the statement of Lemma 4.19. In particular, 
C{Ey,Fy) = 1 if w is unramified in E. 

Because the bounds in Lemma 6.6 and (12) depend only on and ti for 
each i, 

\IreAf)\ «F,E,,, I^V./Q («) 1^ fl E E , /p. ) I , 

I F/Q I i=lri>Oti>0 

(13) 

where we choose y^i,*; to be any element in Fp. such that Vp^{yri,ti) = Ti and 
Again by Lemma 6.6 and (12), for i fixed 

EE^r'"^^^"'**V(c...,.,/p.)i 

ri>Oti>0 

< C{E,,Fy)qr'L{l,nyfif^q7-^ 

Vp^ia)>ri>0 

+ CiEy,Fy)q7"'L{l,n,)il + ti-Vp,{a))qr*^+ ^ CiEy, Fy)q7^' L{l,ny){l + n - Vp,{a))q7'' 

< Y C{E,,F,)q7^^L{l,r]yfq^^^q7^^+2 ^ C{Ey, Fy)q-''^ L{l,rjy){l + £ - Vp,{a))q-' 

ri>0 t>vp.(a) 



< C{Ey,Fy)L{l,riy)q: 



HhVv) , 2q: 



1^2 



<25g/"- ^ C{Ey,Fy) 

<2''q7^^^C{Ey,Fy). 
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Finally we can bound the product of these terms over 1 < i < m. We note 
that 

2i^(")i <ao(c(n))[^^Qi ciny. 

Also, because C{Ey,Fy) = 1 unless v ramifies in E, 

m 

By these facts, 

nEE?r'"^^^'^*'*^V(e„/pji «..,E (14) 

1=1 Ti ti ^ ' 

Combining (13) and (14) and applying (5) we conclude 



(/)| '^F,E,k,e 



□ 



Finally we combine the spectral expansion for /(/), Proposition 3.9, together 

with the calculation of hrregif), Proposition 4.20, with the bound on Iregif) 
established above. In the theorem below the term |01|^"'"'^c(f2)'^ comes from the 
irregular term and |^n|^c(n)5+« comes from the bounds on the regular orbital 
integrals. 

Theorem 6.8. Fix a totally real number field F and a CM extension E of F. 
Let VI be a squarefree ideal in Op such that the number of primes dividing 
has the same parity as [F : Q] and such that each prime of F dividing is inert 
and unramified in E. Let Q be a character of ApE^\A^ which is unramified 
above and has weights at the archimedean places strictly less than k. Then 
for any e > 0, 

%,„(i/2, TT X an) ^F,E,k,e m^+'c{ny + \m\'c{n)i+', 

for alln eJ^{m,2k). 

Proof. Wc note that with the weight k fixed there arc only finitely many possi- 
bilities for the archimedean type of f2, hence it suffices to prove the same bound 
for the completed L-function. 

Wc take fp = Ip then from the spectral expansion for /(/) we have, by 
Proposition 3.9, 

Ls(n){l,V? 4[^^Q7 2k -2 \ ^ L{l/2,TrE (E> ft) 

(15) 



2\AE\^^dE/Fc{n) \m\ {k + m-lj L{l,TT,Ad) 
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On the geometric side, we recall that we have written 

I{f) = lirregif) + Iregif) (16) 

in Section 4.3. By Proposition 4.20 we have, 

\hrreaif)\ <^F,E,e -j^, (17) 

and by Lemma 6.7 we have, for all e > 0, 

c(nY 

\Iregif)\ '^F,E,k., (18) 

Hence, combining (15), (16), (17) and (18), and noting that 

, , < 2^l^(^)l < ao(c(Q))2[^^Ql «, c(n)% 

we get, 

Now using positivity of L{1/2,tte d) which is clear from the period for- 
mula, we have 

L(l/2,7rgOO) ^ ^ L{l/2,TTE<»n) 
1(1,17, Ad) - V . L(l,Tr,Ad) ^ ' 

for any tt € ^(91, 2k). We now use that for all e > 0, 

L(l,7r,Ad)«fc,, lOir; (21) 
cf [IK04, Theorem 5.41]. Hence by (19), (20) and (21) we have, for all e > 0, 

L{i/2,WE<3n) |fn|^MiAl£gi^ ^ |9i|i+^c(0)^ + \mMn)i+\ 

J-i[i., TT, Aa) 

□ 

Finally we explicate how this Theorem gives a subconvex bound as 'DT and 
fl vary in certain ranges. 

Corollary 6.9. For < t < ^ and e> 0, 

Lf,n{l/2,Trx an) <^F,E,ke (c(f])|9T|)5-*, 
for TT e J-"(OT, 2fc); with ^1 and il satisfying the conditions of Theorem 6.8 and 

2t + g l_(2t + e) 

C(l))l-(2t+e) < |fn| < c(f]) l + 2t + e . 
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Proof. To beat convexity we need, 

\%^+'c{Q.y < |at|5-*c(0)^-* 

and 

|^|'c(0)5+^ < |?n|3-*c(0)5-*. 

Thus we need 

, ^ 2e + 2t l-2t-2e 
c(Vi) l-2t-2e < < c{n) l + 2t + 2e . 

We note that the range for |0T| is non-empty provided g > t > 0. □ 

6.3 Classical reformulation 

To finish wc work out Theorem 6.f in the case F = Q classically. Wc; fix an 
imaginary quadratic field E = Q(-\/^) of discriminant —d and let X-d = (— ) 
denote the associated quadratic Dirichlet character. 

Let TV be a squarcfrcc integer which is the product of an odd number of 
primes p satisfying x-d{p) = —1- For a positive integer k we denote by J^{N, 2k) 
the finite set of normalized newforms of level A'', weight 2k, trivial nebentypus 
and which arc cigcnforms for all the Hecke operators. On J^{N, 2k) we take the 
Petersson inner product defined by 

(/,/)= / \f{x + iy)\''y^'^^-^. 

jto(n)\h y 

We note that, 

22k 

L(l,^;,Arf) = —(/,/) 

where tt/ denotes the automorphic representation of GL(2, Aq) generated by 
/. We denote by L{s, /) the completed L-function of /, which has a functional 
equation relating the value at s to 2k — s. 

We now fix a character f2 : E^\A^ — + C whose restriction to Aq is trivial. 
At infinity we have 

with m e Z. We recall that when Cl does not factor through the norm map 
N : A^ Aq there is a modular form qq of level dc{fl), weight 2\m\ + 1 and 
nebentypus X-d such that 

L{s,ga) = L{s,n). 

For / G J-(N, 2k) wc let L(.s, / x g^) denote the completed Rankin-Selberg L- 
function which satisfies a functional equation relating the value at s to 2fc + 
2\m\ + 1-S. 

We recall the well known facts that for the completed i-functions, i(2, 1q) = 
I and 

L{l,x-d) = 7=, 



53 



where h^d denotes the class number of E and u^d = t^C'e'/I^I}- 

Taking into account that the gamma factor for L{k,f) is 2(27r)~'^r(fc) and 
the gamma factor for L{k + |m| + i,/ x qq) is 4(27r)~^*T(A; + m)T{k - m), 
we now apply Theorem 6.1 to get the following following averages for the finite 

parts of the i-fmictions. 

Theorem 6.10. Let N be a squarefree integer as above with N > d. Then we 
have 

U-dVd ^ Lfinjl, f)Lfin{l, f O X-d) ^ , f._ ^2h-d \ 

Stt^ (/'/) ~ "'V u.d^{N))' 

where if denotes the Euler totient function. When k > I we have 

{2k - 2)lu^dVd ^ Lfinjk, f)Lf,n{k, f O X-d) ^ , 
27r(4^)2fc-i 2^ (fj) 

For a character O as above which does not factor through the norm we get for 
N > dc{n), 

{2k - 2)lu-dVdLsi^Q){l,X-d) sr^ Lfin{k + \m] + x gg) ^ 



We note that when the level is prime the first part of this Theorem agrees 
with Duke's asymptotic result [Duk95, Proposition 2] and the first and second 
parts agree with Michel and Ramakrishnan's exact formula [MR] . One can see 
[MR, p. 5] for explicit examples verifying that this formula agrees with known 
data. 
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